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�� c� f 

 ��������� ����������� �� ���������������� ���������� �����	������ 	��
�������� ���
��������M � �������� ��� ��	����� ��� ����� ��		��
����!
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 ����� ����������
 ��������
 ���������
 ��������� ��	������ ������
����
 �	� �	� ����� �����	�����  �	����! V 
 Xi
 U � �	������� ���" ������ �� �����	��#

−H111f(x
1)2u−H110f(x

1)2 −H221f(x
2)2u−H220f(x

2)2 −H331f(x
3)2u−

−H330f(x
3)2 +H111f(x

1)2u+H110f(x
1)2 +H120fx

1x2+

+H130fx
1x3 − 2H120fx

1x2 +H120fx
1x2 +H221f(x

2)2u+

+H220f(x
2)2 +H230fx

2x3−2H130fx
1x3 − 2H230fx

2x3+

+H130fx
1x3 +H230fx

2x3 +H331f(x
3)2u+H330f(x

3)2 = 0.

������	 ���	 	�	�
�� ����� �����
������ $���% (M, g) & '������( ���	���� ��������	 ��
 K
 P & ���)����� ���������

�� ��������� ���� �	 M � �����	���! f ∈ R� ����	 K −P ���% ��������� ���� *������	
�	 M �

�	
�����
����	� ��!�������%��
 �����	� �������� � �	������	 LKg = fg �	����
���� LPg = fg �����	�� LK−Pg = 0�

�
�������� � �������" ������� + ������	����� ���)����� ����������" �������
��" ����! ��,�� ���% ��������� � ����-%. �	������ ��/���� ���)����� ���������	
��	������ � ������	����	 ����! *������	�

�������	 
�� ���
�������� ����������
����� ��������� ��������
��� ��������
������
����
�� �
���
�����
�
 CWn+2

d ��� d = 1	 ���������� ��������� ���� �
 ���
����� ���

��� � �
���� !"#$ %��
 &��
�
�


��	���� �� $���% X 0 ��������� ���� *������	 � �������	�	��
V (v, x1, . . . , xn, u)
 Xj(v, x

1, . . . , xn, u)
 U(v, x1, . . . , xn, u) 'V 
Xj
 U 0 ��	���� )���1��(
 �	
����-����� ��������	 �� *	"��	�2���	"	 (CWn+2

d , g) �	 �������� n+ 2 ≥ 4
 � �������!

g = 2dvdu+

n∑
i=1

(dxi)2 + (

n∑
i,j=1

aij(u)x
ixj)(du)2,

��� aij(u) = Hij0 +Hij1u�

�-�� ��/���� ��	������ *������	 ����� ���#

⎧⎨
⎩

U = 0
Xi = bi(u) + fikx

k

V = −ḃi(u)x
i + c

,

��� c ∈ R 0 ���� ���%�	� �����	��	
 )���1�� bi(u) ��������.��� �������! ��))�����
1�	�%��" ��	�����! b̈i(u) = aij(u)bj(u)
 (fik) 0 ��������	� ��������������	� �	���1	

���������.-	� � A = (aij)� �	 �������% ������	����	 ����! *������	 �� ���%/� 2n+1

� �� ���%/� 2n+ 1 + n(n−1)
2

�
'
��� ���
���	 ����� ��� ���&����� �����	 ������� � ��� n = 3	 d = 1 � ������&����

������� (	 ����
��$
��	���� �� $���% X 0 ���)����� ���������� ��������� ���� � �������	�	��

V (v, x1, x2, x3, u)
 Xi(v, x
1, x2, x3, u)
 U(v, x1, x2, x3, u) 'V 
 Xj
 U 0 ��	���� )���1��(
 �	

3��������������� ���������� ���	 ��,���� �����1���� ��������	 �� M � ���	�%��

�)
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���� ⎧⎨

⎩
U = 0,

Xi = bi(u) + fikx
k + fxi,

V = −ḃi(u)x
i + 2fv + c,

��
 c ∈ R � ������������ ��������� ����!�� bi(u) ���
�
��"��� ����
��	 ����
�
�#
!�����$% �����
��	 b̈i(u) = aij(u)bj(u) (fik) � ���������� ��������
���&��� �����!� 
���������"��� � A = (aij) ��
 aij(u) = Hij0 +Hij1u� '���
������ ������������ ���
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����� �� � ��������
������� 
�������� ���
���� �������� �����
 � ����� ��������

��� � "��� ������ ��#�����$� ���
��������� ����
������� ���������
������� �����
������ ����� ����
��� �
��������� �����	����� ������������ � ������ "��%��������
���
�� &'(
')*� +���� ���
�����
,���� (M, g) - 
������� ���	���
����� .�
������ �� ������ ���	���
���� ���
����

���$ ��������� ∇ � ����#�$  �
����

∇XY = ∇
g

XY + g(X, Y )V − g(V, Y )X,

	�� V - ������
��  ����
������� �����
��� ����
 X � Y - �
���������� �����
���
����
 ∇g - ��������� �����/������ 0�������� ∇ �������� ����� �� �
�� �������� �����
������
 ��������� 1� 2�
����� � &'*
 � ���������� ���
������� ���������$ � �����
���
�
������� ��� ����������
������� ���������$�
2���� ���
������� ����������
 ��
��������� ������ ��
����
 ����
��� ���������

�����/����� � �	
��� �����$ 
��� � ������������� �� 
�������� 	�����
�� 3��� &'4
'5*6�
7����
 �
������ � �����
 ����� ��������� ∇ ��
�����$��� �������������� 
�����

������

R(X, Y )Z = ∇Y∇XZ −∇X∇YZ +∇[X,Y ]Z, r(X, Y ) = tr(Z → R(X,Z)Y ).

.������
 ���
 � ������� �� ������ ��������� �����/�����
 � ������ ������ �����

����� �� ������ ���� ������
������ .����� ��
�� �����$#�� ���
��� 3��� &8
'5*6

������� �� ,���� (M, g) - 3������6
������� ���	���
���� � ����������
�������
���������$� 7����
 ����� �������� ������
����� ��	�� � ������ ��	��
 ��	�� 1� �
�� π

��
��������� 
��������� π(X) = g(X, V ) ��� �$��	� �����
��	� ���� X ��M 
 ��������

���� dπ = 0�

	
������
�� �� 9��
��� g �����	� 
������� ���	���
���� (M, g) ���������� �����
����� �����
 ���� ��� ���������
��� �
������$

r = Λg + LPg, (1)

	�� r - �����
 ����� ���
��� g
 LPg - �
��������� �� ���
��� g �� ���
������$ ����
��	� ��  �
��!�
����	� �����
��	� ���� P 
 ��������� Λ ∈ R� :��� M = G/H - �����

����� �
���
������
 �� ����
����� 
������� ���
���
 ���������
�$#�� 3;6
 ����������
����
����� ��������� �����
 � ���� M = G � ���� P ��������
������ - ����
�������
��������� ������ +���� ��	�
 ����
������� ������� ����� ���������� �
���������

���� LPg(Y, Z) = τ · g(Y, Z) ��� ������
�	� τ ∈ R
 � �$��� Y, Z ∈ �
 	�� � - ��	��
� ��
	
���� �� G�

������
��� �����
��� ���� V ������ ������ � �
������� 3;6
 � � ������ V = 0
�� �������� ������������ ��
�������� �������� ������ <������ �����
 ��� �
�������
��� �� ����� ���= LPg(X, Y ) = Pg(X, Y ) + g([X,P ], Y ) + g(X, [Y, P ])� +���� ��	�
 ����
������� ����� ����
������
 �� LPg(X, Y ) = g([X,P ], Y ) + g(X, [Y, P ]) ��� �
����������
����
������� ����� X � Y �

;)



�� �� �����	
�� 
� �� �
��
�
�� �� �� ��
�
��

�������� ��
 � ������ �����
��� ���������� ���������� � �
���
� ����� ������
�
�����! � ��"
��# $%%&%'(� )�� " �� �
	�����

������� �� ��� �*"
+ 	
����
����
+ ����
������
+ )���� �� � ���
���������
�
+ �����
�
+ �����	
+ � �����
��!* ���������� ��� ���������� � �
���
� �����
�������!� �

	���
����� , ������
������
� ������ ����
)��� + �����!��� �
 �������
��� ���
� �� �	�*�����!�
 �
����� ���������	
� � � ������	
�"�� � $%'(�


���������� �� �
�������������	�� �����
��! �� �����
�
� ��
)

"����� (M, g)
��� ������ �������!�
+� ���� ��	�
��
� �
�� V � 
�������*-�� .�� �����
��!� ����
 ���*�

���
�� � �����!���
� ����
+ ��"
� �������� �
������� ��	
�
)
 ��)
����� � �
�
	������!���
 �����*-�+ ��
��� �

������� �� ����! (G, g,∇) / ���#������ )����� �� � ���
����������
+ �����
�
+
�����	
+ g � �
�������������	
+ �����
��!* ∇� 
�����
+ 
� �����
��� ���������� �
0
)�� ����� ��	�# )���� �� ��-�����*� )���� � �
�������������	�� �����
��� �� ��#�
�
���	�*-�� ���������!� � ���������� � �
���
� ������

�� ���������� ���������

����! ����� M = G / )����� �� � ���
����������
+ �����
�
+ �����	
+� � / ��
��)�"�� ��� 1�	������ "���� e1, . . . , en ���
��������� # ��	�
�� # �
��+ � � � �
�
2��

[ei, ej] = ckijek, g(ei, ej) = gij, cijs = ckijgks,

)�� ckij / ����	���� � 	
������ ��)�"� ��� gij / 	
��
���� ��������	
)
 ����
���
3�4�	������ ��	
�
�
� ����������
� ��	�
��
� �
�� V � � �
�
-!* 	
�
�
)
 
������

��� �� G ��������	�* �����
��! ∇ � ��	�
�� � 	���������
0
)�� 	
��
���� �����
��� ∇ 
�������*��� 4
�������

Γk
ij = (Γg)k

ij
+ gijV

k − gsjV
sδki ,

)�� (Γg)sij =
1

2
gks(cijk−cjki+ckij)/ 	
��
���� �����
��� �����������∇

g� ‖gks‖/ �����5�


"������ 	 ‖gks‖� δ
k
i / ����
� ��
��	����

6���
)���
 
"-��� �����* 
�������� ����
� 	������ R � ����
� ����� r� , "�����
e1, . . . , en �# 	
��
���� �

����������
 ���!

Rijks =
(
Γl
ikΓ

p

jl − Γl
jkΓ

p

il + clijΓ
p

lk

)
gps, rik = Rijksg

js.

����! P / ���
����������
� ��	�
��
� �
��� 0
)�� 7%8 �
2�
 ���������! � �������#
����	���� # 	
������ ��)�"� ��

rij = Λgij − P k(cskigsj + cskjgsi), (2)

)�� rij / 	
��
���� ����
�� ������ Λ ∈ R� gij / 	
��
���� ��������	
)
 ����
��� P k/
	

������ ���
����������
)
 ��	�
��
)
 �
��� ckij / ����	���� � 	
������ ��)�"� 
�� ��

����! (G, �, V ) ������ ��������	
+ )����
+ �� G � ��)�"�
+ �� � � ��	�
�� � �
���
V � 
�������*-�� �����
��!� 9���������
 �����*-�� �����2�����

����� �� 
��� ��������	�� )����� �� (G, �, V ) ��
�����
���� ��������* �
���
��
������ �
 � ��	
�
�
� "����� {e1, . . . , en} ��)�"� �� � � �
������� �

��
:����

';



�����������	
� �
����

����� �
� ������
����� �
��������
����	��

�����
���� �� �
����
��� �
����� �� � ���
�	
� �
���
�� �����

V igijc
j

kt = 0 (3)

��� � �����������	 
����

g (V, [X, Y ]) = 0, ∀X, Y ∈ �.


���� cjkt � ����������� ��������� ������� �� ������������ ����������� [ek, et] = c
j

ktej�
���������	
���� ���� (G, �, V ) ������������� ��������� �������� ��  �� �� � ����

!"# ������ ��  � ������ ���� �������� ��� $���� �� ������� " ����%����� dπ = 0� ����
��� �����������% ��������% ����	 X, Y ∈ � �����������

2dπ(X, Y ) = Xπ(Y )− Y π(X)− π([X, Y ]) = −2π([X, Y ]) = −2g ([X, Y ] , V ) = 0.

&������� ��������	 ����� {e1, . . . , en} � ������� '� �� �� ������� ��������� ���� ���
!(#�


���� �� )����������	 ������� ��  � ��������� ����� � ������� ����� �����������

P k(cskigsj + cskjgsi) = τgij.

*�����+�� ������
���,�� ��� ���%�����% ����� ����% ����� '� ���� ���� ���
-�� .������� � /"01�

������� �� 2���� G � ���%������ ������������� ������ '� � ���������������	
��������	 �������	� $���� � ������� '� ������ G ��+������� ����������������	 �����
{e1, e2, e3} ����	�  ��3

[e1, e2] = α3e3, [e1, e3] = −α2e2, [e2, e3] = α1e1.

�� ���������	
��� �������

4 ������ ������� ��� �������������� ������� ( ���������� ������� ��������	 !5#
��� ����������� �����������% ��������� ��  �� ������� ��������	 !(# ��� ��������6
��� �������� ����� ������� ��  �� � ����� ������� ��������	 !7# ��� ����������� ���6
���������� �������� ��  �� 
�������  �� � ���� ���������� ���� ����	 � �����	  ����	
��������� !(# ��� �� ������� ������� �� �������� ��� ������ -��.������� �����������
�������� ��� ������������	 ������ '� G�  �� ����� ������� ��� ��� ��������������
������� (�

8������ !(# ����� ��� V 1α1 = 0, V 2α2 = 0, V 3α3 = 0, ��9���� ����� ����� ���� ��
������+�% ��� ���

!:# V = (0, 0, 0);

!::# V = (V 1, 0, 0) � α1 = 0;

!:::# V = (0, V 2, 0) � α2 = 0;

!:<# V = (0, 0, V 3) � α3 = 0;

!<# V = (V 1, V 2, 0) � α1 = 0� α2 = 0;

5=



�� �� �����	
�� 
� �� �
��
�
�� �� �� ��
�
��

���� V = (0, V 2, V 3) � α2 = 0� α3 = 0�

����� V = (V 1, 0, V 3) � α1 = 0� α3 = 0�

������ V = (V 1, V 2, V 3) � α1 = 0� α2 = 0� α3 = 0�

� �
��
�� ! �
 ����
"
#������$ "�#���%& ��	�
�
� ������� ���������$!� �
� 	
 ��'(
��� ���� ����� ��� � �������

��� ) ����
� ��'��� ��	�
� V ��������� � �
�'�����������	�$ ��$#�
�� $��$���$
��$#�
�� ! *���(+����%� ��� ,�
� ��-���$�� ������% '�������. �/� $��$!��$ ����'(
!0�� ������� �%� �
���
�%

1� Λ = 1

2
α2

3
� τ = 0� α1 = α2 = α3 ∈ R� V = (0, 0, 0)� P = (P 1, P 2, P 3)�

/� Λ = 0� τ = 0� α1 = 0, α2 = α3 ∈ R� V = (0, 0, 0)� P = (P 1, 0, 0)�

2� Λ = 0� τ = 0� α1 = α3 ∈ R� α2 = 0 V = (0, 0, 0)� P = (0, P 2, 0)�

3� Λ = 0� τ = 0� α1 = α2 ∈ R� α3 = 0� V = (0, 0, 0)� P = (0, 0, P 3)�

���� ) ,�
� ��'��� V = (V 1, 0, 0)� V 1 �= 0 � α1 = 0� 4
5�� ������% '�������. �/� � �3�
����'� ���
1

2
V 1(α2 − α3) = P 1(α2 − α3),

1

2
(α2

2
− α2

3
)− (V 1)2 = Λ2,

1

2
(α2

3
− α2

2
)− (V 1)2 = Λ2, (5)

1

2
(α2 − α3)

2 = −Λ,
0 = P 2α3,

0 = P 3α2,

0 = τ,

�
P 1(α3 − α2) = 0, P 2α3 = 0, P 3α2 = 0.

��-����� ������% �������� �6� $��$���$

Λ = −(V 1)2� τ = 0� α1 = 0� α2 = −α3, α3 = ±
√
2

2
V 1� V = (V 1, 0, 0)� P = (V

1

2
, 0, 0)�

�������
� ��
 
�
 �� '�
�����
�$�� �7�� �
�	
� 	' � �������������
� ��'��� V 1 �= 0�
4�	�� 
"��#
�� ��.����%. �
���
� ������������

����� � ���� ����%� ��'��� �����������!��$ ����
5���
 ����� �

�������'!0�� �����(
���� �%� �
���
�% ���!� ���

1� Λ = −(V 2)2� α1 = −α3, α3 = ±
√
2

2
V 2� α2 = τ = 0� V = (0, V 2, 0)� P = (0, V

2

2
, 0)�

/� Λ = −(V 3)2� α1 = −α2, α2 = ±
√
2

2
V 3� α3 = τ = 0� V = (0, 0, V 3)� P = (0, 0, V

3

2
)�

��� V 2 �= 0 � V
3 �= 0 ����	����	�

��

�




�����������	
� �
����

����� �
� ������
����� �
��������
����	��

�����
���� �� �
����
��� �
����� �� � ���
�	
� �
���
�� �����

��� ����� �	
	�� V = (V 1, V 2, 0)� V 1V 2 �= 0 
 α1 = 0� α2 = 0� ����� �
��	�� �����	�
�
� ��� 
�
�	� �
�
1

2
V 1α3 = P 1α3,

1

2
V 2α3 = P 2α3,

V 1V 2 = 0,
1

2
α2

3
− (V 1)2 − (V 2)2 = Λ,

1

2
α2

3
+ (V 1)2 = −Λ,

1

2
α2

3
+ (V 2)2 = −Λ,

0 = τ.

������ �
��	�� ���	���� �	 
�		� �	�	�
�� 
�������� � ��������
��	��� �����	
V 1V 2 �= 0�

�� � 
 ��  � !����"�	�
��
 ������
��#�
 ���� $���%��	� ��� � ����#& ������& 
����
�
����#& ���
����� !
��
 �	 ��'	����	��

��   � ����� �	
	�� V = (V 1, V 2, V 3) V 1V 2V 3 �= 0 
 α1 = τ = 0� α2 = 0� α3 = 0�
����� �
��	�# �����	�
� ��� 
�
�	� �
� V 2V 3 = 0,
V 1V 3 = 0,
V 1V 2 = 0,
(V 1)2 + (V 2)2 = −Λ,
(V 1)2 + (V 3)2 = −Λ,
(V 2)2 + (V 3)2 = −Λ,
0 = τ.

������ �
��	�� ���	���� �	 
�		� �	�	�
�� 
�������� � ��������
��	��� �����	
V 1V 2V 3 �= 0�

�� ������	
�	�

( ��)��	 
$��	� ����� 
����
��	��
�	��
& �	��
�	��
& ���$����	�� �����#	 ���%�
��%� � �	)� ���$����� *	�
�+
�
�# 
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	 �	��

 ���
����� !
��
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���"	 �)'	� �	��

 �����
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 ,� -����	���� ������	�� ���	���
�	���� ���	��
��� 
$��	�
� 
����
��	��
�	��
& ���$����	� �� ��	&�	��#& ���

�& *
 � �	��
��� 
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���
������� ���
���� !
��
� ������ ���	���
�	���� ���	�� ��
����	� �	��
$�.
% �
��	��& ��
�	������#& ���	���
�	��
& �
��	� 
 ��"	� )#�� 
�
���$����� ��� 
$��	�
�
�	��
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& ���$����	� �� ���
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 ����� ��
�
�	�� /01� 023��
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� �� � ��	��
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� 	������� ��������	�� �����
���� � ��	�
�� � 	�!��"
���� # 
� �� �
��
�
�� $� $� %����	��� �� �� ��
�
��� " &�	�� ' ���
���������� �
## (������� )��*+� " ,-,-� " . /� " 0� /,1"/,2�

2� 345678� 9� :� ;< 7 =>64 =?66>@A4B C>@A4B 0D<<>B@4D< E4@F 7 =G>B475 0D<H4@4D< D< 7
I4>67<<47< C7<4JD5H # 9� :� 345678� K� ;� L><M4<� =� N� O?P75 ## QRADG>7< SDRA<75 DJ
GRA> 7<H 7GG54>H 67@F>67@4BP� " ,-//� " TD5� 1� UP� ,� " V� /W,"/�/�

X� L><M4<� K� ;� =D6> Y>B@DA Z>5HP D< 7 A4>67<<47< 67<4JD5H E4@F P>64"P?66>@A4B 6>@A4B
BD<<>B@4D< # K� ;� L><M4<� =� N� [>64A\7M� =� N� O?P75 ]>@ 75�^ ## :R55>@4< DJ @F> UA7<47<
C7@F>67@4B75 =DB4>@?� " ,-/,� " TD5� _X� UP� ,� " V� 12`"1`-�

`� :7AR7� :� =D6> GADG>A@4>P DJ 7 P>64"P?66>@A4B 6>@A4B BD<<>B@4D< 4< 7 I4>67<<47<
67<4JD5H # :� :7AR7� N� aA� I7? ## U<H47< bDRA<75 DJ VRA> 7<H NGG54>H C7@F>67@4BP� "
/`XW� " TD5� /�� UP� 2� " V� 2_�"21-�

/-� [>� O� 0� =D6> GADG>A@4>P DJ 7 P>64"P?66>@A4B 6>@A4B BD<<>B@4D< D< 7 I4>67<<47<
67<4JD5H # O� 0� [>� :� a� [> ## UP@7<\R5 O<4Y>AP4@>P4 K>< K7cd5@>P4 C7@� [>A� " /``W� "
TD5� W1� " V� ///"//2�

//� [4 0>A\D� e� f><>A4B GADG>A@4>P DJ FD6DM><>DRP I4BB4 PD54@D<P # e� [4 0>A\D ## NHY7<B>P
4< f>D6>@A?� " ,-/1� " TD5� /1� UP� ,� " V� ,,W",_2�

/,� �����	
�� �� �� ���
�
�� � ���������� � �
���
� ����� �� ��� ������� �
g�!���� h� # �� �� �����	
�� �� �� ��	
�i��� " &�	�� ' ���
���������� � ## (���"
���� )��*+� " ,-/W� " &� /� . ,� " 0� //W"/,,�

/_� �����	
�� �� �� +�������� j��k����� �� �������� � ��������	�� g�!���� h� �
��	�
�� � 	�!������ # �� �� �����	
�� 
� �� �
��
�
�� �� �� ��
�
��� " &�	�� '
���
���������� � ## (�
g� ��!	� � �����	�� %����' %
��������� ��������	� � ��
����
l����� &��������	�� 
i�
� � " ,-,-� " &� /X/� . _� " 0� 1/"W1�

/1� �����	
�� �� �� +�������� j��k����� �� �������� � �
	��m�
 �����������	��
n�����
o�����
� � ��
g

i������ � ��	�
�� � 	�!������ # �� �� �����	
�� 
� ��
�
��
�
�� �� �� ��
�
��� " &�	�� ' ���
���������� � ## p����������	�� �����	�
%$q+� " ,-/`� " &� ,�� . 1� " 0� ,W"_��

/W� C45<DA� b� 0RAY7@RA>P DJ 5>J@ 4<Y7A47<@ 6>@A4BP D< e4> MADRGP # b� C45<DA ## NHY7<B>P 4<
C7@F>67@4BP� " /`2�� " TD5� ,/� " V� ,`_"_,`�
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f (X) = a0 +
k∑

j=1

ajxij ���
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���� ����� A = f (X)� � ������ ���
�� f ∈ Φ � �
�

���
�������� �������� a0, a1, . . . , ak �����
�� ��	��

	��� ���
��� � xij � 	
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���	����
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μA(y) = ϕ

(
|f (X)− y|

σ

)
, "#$

��
 ϕ : [0,∞)→ [0, 1] � �����	������� ��!���%�� �������� ϕ (0) = 1� σ > 0 � ��	��
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�	�� �!��	�� Ω = {(xi1, . . . , xik, yi) : i = 1, . . . , N}� '��
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δ (f) = min
i=1,...,N

{μAi
(yi)} .
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 ���
��
	��� ���
�� �����
�� � ��(���
���

α∞(X, y) = min
aj ,j=0,k

max
i=1,...,n

∣∣∣∣∣a0 +
k∑

j=1

ajxij − yi

∣∣∣∣∣ . "*$

+����� ��(���
��� "*$ ����� ���	����	���
 � ���
 &����� ���
����� �	��	����)
	������ ⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

min
u;v;aj ,j=0,k

(u− v) ,

u ≥
k∑

j=1

ajxsj − ys, s = 1, . . . , N,

v ≤
k∑

j=1

ajxtj − yt, t = 1, . . . , N,

��
 u � �
	(��� ������%��� v � ������ ������%���
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 ����� 	�����	�	� ��������� ����	�����	� ���
��� �� ��������� �	�����	����
�
�	 �	�� � !"# �����	�������
� ��	 �������� �� �
�	��� 	��	�	 �������
 �� �	���	 �
����������	� ���� �����
�� �	 $$�%����
 ���������� �	��������� ��������
 �	 $$��
%����	� ���������� ���
���� ���������
 �� ��������� ����� ������� �����	
��� &����

����������� �� ����� ������
 ��������	���
 �	����

yi = b0 + b1xi1 + . . .+ bkxik + εi,

��� b̂, b̂(i) ' 	%���� �	 $$�%����	� ��������� �	 ���	��
� ����
� � �	��� ���������

i��	 ���������
�

(����	
���� &��� ����� ���
���� ��������

CD(Ŷ , Ŷ(i)) =
(â(i) − â)T (XTX)(â(i) − â)

(k + 1)s2
,

��� X ' �����%� �������	�	�) k ' �	�������	 �������	�	�) s2 ' 	%���� ��������� 	*��	��
��������
� ��������� �����	
��
 &��� ��������
 �������� ���������� F (α, k+1, N−

k − 1)�
+���� 	����	�� ����� ������,�� ���	���� ������	����
 ���	��
� ����
� ���	�	�

�����	
��
 &���-

.� �
����
���
 	%���� �	 $$�%����	� ��������� â � ��������
 s2�

/� 0� ���	�� ���������� ����������
 i�	� ���������� � ���	�
��
 	%���� â(i)�

1� 2������
���
 �����	
��� &��� CD(Ŷ , Ŷ(i)) � �����������
 � F (α, k + 1, N − k − 1)�

3� 4��� CD(Ŷ , Ŷ(i)) > F (α, k+1, N−k−1)� �	 �������
 ���������� ��	 i�	� ����������

��
���
 �
��	�	��

5������� ��	 �����	
��� &��� �	��	 ����������� � ����

CD(Ŷ , Ŷ(i)) =
(X(â(i) − â))T (X(â(i) − â))

(k + 1)s2
=

(Ŷ − Ŷ(i))
′(Ŷ − Ŷ(i))

(k + 1)s2
, 637

��	 �	��	�
�� ������������� ������ ������� ��� ����	� 	�
��	�	 ������	�� �����	�

��
�

����������� �� 4�����	�
� �����	
���� ����� ��������� ������� A =
{
(zi, μA(zi)), i = 1, n

}
� B =

{
(zi, μB(zi)), i = 1, n

}
���
�����
 ��������

d(A,B) =

√√√√ n∑
i=1

(μA(zi)− μB(zi))
2
. 687

2�9������ ������� 637 � 687 � ������ ������,�� 	�����������
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FDK(A,B) =

√
n∑
i=1

(μA(zi)− μB(zi))
2

n∑

i=1

(zi−z)2

n−1
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 z � 
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���# Y = {y1, . . . , yN} � ���%
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������ ̂Y = {(ŷi, μA(ŷi))}�
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��� j(�
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��
 � ������� ��� )��� � � ,� "���%�
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$��%
��
 ̂Y(j) = {(ŷ∗i , μA(ŷ

∗

i ))}� i �= j�
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&� FDK(̂Y , ̂Y(j))�

1� 2��� * � . ������� ��� 	�� ��
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3�� ����
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G. A. Kochergin, I. N. Muratov 

SIMULATION MODEL FOR ASSESSING THE RISKS OF ACCIDENTAL OIL SPILLS 
BASED ON CLUSTER ANALYSIS 

The paper proposes a new risk-oriented approach to the implementation of control and supervi-
sion activities in the field of regional environmental control. The issues of building a simulation model 
of oil spill risks assessment, implemented in the form of a digital map of the region based on a com-
bination of clustering methods and spatial data analysis are considered. The analysis is based on 
data on accidents at field oil pipelines in the license areas of Khanty-Mansi Autonomous Okrug for 
the period from 2014 to 2020. The result of the analysis is a digital map published on the Internet 
with authorized access and reflecting 5 levels of risk for the districts of the study area. 

Key words: risk-oriented approach, simulation model, spatial analysis, cluster analysis, geoin-
formation systems, oil spills. 
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I. V. Maratkanova 

APPLICATION OF THE CLUSTER ANALYSIS  
FOR ASSESSING THE SAVINGS AND INVESTMENT POTENTIAL 
OF THE POPULATION OF THE SIBERIAN FEDERAL DISTRICT 

The article presents a multidimensional cluster analysis of the regions of the Siberian Federal 
Level by the level of savings and investment potential of the population. Clustering was carried out 
using the ACC «Statistica» based on the joint use of hierarchical and non-hierarchical algorithms. 
This approach made it possible to increase the reliability of dividing the regions of the district into 
homogeneous groups. As a result, the heterogeneity of the regions of the Siberian Federal District in 
terms of the studied potential is revealed. Three clusters with a high, medium and low level of savings 
and investment potential of the population were obtained. Each resulting cluster provides a tool for 
making effective decisions at the level of both a single region and the district as a whole. The analysis 
made it possible to analyze the current state and trends in the development of the level of savings and 
investment potential of the population in the Siberian Federal District. And also to find out the rea-
sons for the low level of the investigated potential. 

Key words: savings, investments, potential, cluster analysis, population, district, region. 
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I. N. Muratov, A. Sh. Ibraeva, L. L. Timergazina, Y. M. Polishchuk 

REMOTE STUDY OF THERMOKARST LAKES 
IN THE ARCTIC TUNDRA OF THE TAIMYR 

The results of remote studies of thermokarst lakes in the Arctic zone of the Taimyr tundra are 
presented. The research was carried out on the territory of 725 thousand km2. Sentinel-2 satellite 
images were used in the studies, which made it possible to study the peculiarities of distribution of 
the number, total area of the lakes and tortuosity of their coastal borders. Histograms of the distri-
bution of the number and total areas of the lakes in an extra wide range of their sizes from 0.2 to 
5000 ha are presented. The histogram of lakes size-distribution demonstrates significant growth of 
their number with decrease in size. Histogram of the distribution of total areas of lakes by intervals 
of their sizes shows that more than 80 % of total area of lakes are dominated by lakes with sizes from 
2 to 1000 ha. The analysis of the histogram of the degree of tortuosity of lakes borders distribution 
showed that the majority of lakes have the form of the coastal lines, which differs from a circle. The 
dependence of the degree of tortuosity of lakes borders on the size of lakes was studied and a positive 
linear trend of its change with the growth of the area of lakes was established. 

Keywords: thermokarst lakes, Taimyr, Arctic tundra, Sentinel-2, remote sensing methods, tortu-
osity of lakes borders. 
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O. V. Samarina, V. A. Samarin, V. V. Slavsky, M. V. Kurkina 

APPLICATION OF MATLAB FOR DIGITAL IMAGES 
TOPOLOGICAL CHARACTERISTICS CALCULATION AND ANALYSIS 

The paper describes the practical results received from digital images topographic characteris-
tics calculating in Matlab, such as length and curvature of contour lines, density of lengths and cur-
vature, as well as irregularities of contour lines of the first and second order. Topological character-
istics contain complete information about the shape and contours of a digital image, which allows 
them to be effectively used in solving the problems of remote sensing data processing, analysis of 
biomedical images, classification and pattern recognition problems. 

Key words: topological characteristics, digital image, invariants. 
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S. P. Semenov, V. V. Slavsky, M. V. Kurkina, A. O. Tashkin, O. V. Samarina, A. A. Finogenov 

COMPUTER MATHEMATICAL MODELS OF SOCIO-ECONOMIC SYSTEMS 
USING GIS TECHNOLOGIES 

The article describes the results of five years of research in the development and creation of 
computer mathematical models of socio-economic systems using GIS technologies within the frame-
work of two RFBR grants, which were directed by V.V. Slavsky. The first part describes the results of 
the development and creation of an interactive socially-oriented geographic information system de-
signed to obtain information about social infrastructure facilities aimed at meeting the needs of peo-
ple with limited mobility and people with disabilities. The second part describes the results of the 
development and creation of an interactive agent-based dynamic model of socio-economic processes 
(transport, production, demographic, etc.), using GIS technologies on the example of Khanty-
Mansiysk. 

Key words: city, dynamics, social, infrastructure, OSI, map, accessibility, models, GIS, Khanty-
Mansiysk. 
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V. A. Avdeev, O. A Avdeeva 

ENERGY SECURITY AS A KIND OF PUBLIC SECURITY: 
DOCTRINAL-METHODOLOGICAL AND CRIMINAL-LEGAL ASPECTS 

OF IMPLEMENTATION** 

The subject of the study is the strategic directions of ensuring public security in the Russian 
Federation at the present stage. One of the directions of ensuring public safety is recognized as the 
safety of the fuel and energy complex. In this regard, the analysis of the state, structure and dynamics 
of crime in the fuel and energy complex is carried out. Attention is focused on the implementation of 
the Russian criminal law policy in the field of combating crime in the fuel and energy complex, taking 
into account the norms of international law. The purpose of the study is to uncover the elements of 
crimes in the fuel and energy complex that constitute the crime of this orientation. Particular attention 
is paid to the consideration of a set of measures for the prevention and prevention of this type of 
crime, taking into account the interaction of measures of a criminal, criminological and administra-
tive nature. The methodological basis for the study of measures to combat crime in the fuel and energy 
complex is a combination of general scientific and private scientific methods that have predetermined 
a comprehensive approach to the study of legal policy in the field of countering this type of crime, 
taking into account the ongoing reform of the socio-economic system in the Russian Federation. In 
the course of achieving the goal of the study, special legal methods of cognition were used to facilitate 
the analysis of the legal regulation of legal liability for fuel and energy crimes. 

The main results of the study contain conclusions and proposals aimed at improving measures 
to counteract crime in the field of the fuel and energy complex, including improving the effectiveness 
of the implementation of the mechanism of criminal law regulation of public relations related to 
countering encroachments of the fuel and energy sector. Conclusions are formulated regarding the 
methodological and organizational-practical aspects of the legal impact on persons who have com-
mitted crimes in the field of fuel and energy complex. 

The novelty of the research topic consists in the formulation of the problem associated with the 
establishment of the causes and conditions of crimes of fuel and energy orientation as a socially 
negative phenomenon in modern conditions; the definition of key areas of legal policy in the field of 
combating crime in the field of fuel and energy complex. The conducted research reveals the legal 
nature of crime in the fuel and energy complex; features of measures to counteract crimes of fuel and 
energy orientation; trends in the legal regulation of fuel and energy crimes; the specifics of the mech-
anism of legal regulation of legal liability for fuel and energy crimes. The opinion is expressed that 
there is no categorical and legal assessment of the concept of fuel and energy crimes in the domestic 
legislation, which predetermined the recognition of measures of criminal and legal influence as a 

                                                 
** The article was prepared in the course of the research "Strategic directions for improving measures to combat crime in 
the Khanty-Mansiysk Autonomous Okrug – Yugra, taking into account the peculiarities of the northern region" at the 
expense of a grant for the development of scientific schools with the participation of young scientists of the federal state 
budgetary educational institution of higher education "Yugra State university "(No. 13-01-20/14). 
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strategic resource for countering fuel and energy crime. Conclusions are formulated about the factors 
that determine the legislative regulation of fuel and energy crimes, and the specifics of the implemen-
tation of punishment and other measures of a criminal nature. 

Key words: legal policy, criminal law, public safety, fuel and energy crime, energy security, 
crimes in the field of the fuel and energy complex, criminal and legal measures of counteraction. 
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V. V. Zabrodina, A. G. Menshikova 

«USE OF OFFICE POSITION» WHEN COMMITTING FRAUD: 
PROBLEMS OF APPLICATION 

The authors in the article consider the problems of establishing the qualifying feature «use of 
official position» when committing fraud. Based on the analysis of the doctrine of criminal law, clar-
ifications of the highest court, materials of specific judicial practice, a circle of subjects related to 
persons using their official position is determined, as well as the procedure and mechanism for using 
official position in fraud. According to the results of the study, it is proposed to include in the current 
resolution of the Plenum of the Supreme Court of the Russian Federation «On judicial practice in 
cases of fraud, misappropriation and embezzlement» additional clarifications that reveal the under-
standing of the content of the sign «use of official position». The authors propose to expand the un-
derstanding of the subject of official fraud. Such provisions will promote uniformity in law enforce-
ment and help avoid qualifying fraud using official position errors. 

Key words: fraud, official position, official powers, resolution of the Plenum of the Supreme 
Court of the Russian Federation. 
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E. V. Schelkonogova 

DIGITAL NECHNOLOGY AND CRIMINAL LAW: INTERACTION ISSUES 

The development of digital technologies and their interaction with criminal law are extremely 
important for lawmaking, law enforcement, and the study of criminal law. In this connection, the 
author in the article aims to investigate the impact of digitalization on criminal law as a branch of 
law and as an academic discipline. The methodological basis of this research is a set of methods of 
scientific knowledge, among which the main place is occupied by the methods of consistency, analysis 
and comparative legal. The author's position grounded in the work is based on the legislation and 
the opinions of the competent scientific community on the question of how artificial intelligence can 
be useful in assessing an act as a crime, what new offenses have appeared in connection with the 
development of digital technologies. With the help of legal analysis of the provisions of the theory of 
law, the question of whether artificial intelligence can be a subject of law and be liable in the event 
of harm to the object of criminal law protection is investigated. 

Key words: digital technologies, artificial intelligence, qualification of crimes, computer crimes, 
education. 
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